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Abstract 
A solution to increase fuel economy in Hybrid Electric Vehicles derived from 
physical characteristics of the vehicle, the powertrain and the control strate-
gy is presented. A heuristic Control Map is created to analyze the restric-
ȱȱęȱȱȱȱȱȱȱ ȱȱȱěȱ
driving conditions. The control strategy follows the Control Map with a lo-
ȱ ȱ ȱ ȱ ȱĴ¢ȱȱȱǯȱ¢ǰȱȱ ȱ ¢ȱ-
monstrates the increase in fuel economy and charge sustainability; here, the 
ȱȱȱĴȱȱȱȬȱ	ȱȱ-
timization. 
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Introduction
Hybrid Electric Vehicles (HEVs) have emerged as an al-
ternative to reduce fuel consumption and pollutant 
emissions while maintaining vehicle performance. The 
ęȱĴȱȱ£ȱ
Ȃȱȱȱ
on proper selection of the Powertrain (PT) components, 
such as the Internal Combustion Engine (ICE), Electric 
MotorȱǻǼǰȱĴ¢ȱȱȱȱǻȱet al., 
ŘŖŖŖǼǯȱȱ ȱȱȱȱȱ¢ȱ
 ȱ ȱ ȱ ¢ȱ Ě ȱ  ȱ ȱ-
ǰȱǰȱĴȱȱ ȱȱȱ
driver demand (Morteza et al., 2006; Amr et al., 2006; 
Kyoungcheol et al., 2007; Pezzini et al., 2000).
ȱȱȱȱȱ¢ȱȱȱȱ
ȱȱ






tics (Koichiro et al., 2004).  The novelty of this control 
ȱ ȱ ȱ ȱ ¢ȱ ęȱ ȱ -
tions, among others, in which cases the ICE must opera-
ȱȱ ȱĜ¢ȱȱ ȱȱȱ
¢ȱȱȱȱ ȱȱ¢ȱȱȱȱĴ¢ȱȱ




Ƞȱ ȱȱȱȱĚ¡ȱ presents the 
 ȱ ęȱ ȱ ȱ ȱ ȱ ȱ
transmission.
Ƞȱ ȱȱȱcontrol strategy describes the novel 
Control Map developed with velocity and power as 




Ƞȱ ȱȱȱ ȱelectric system presents its main 
characteristics and introduces the strategies to 
ȱ ȱ ¢ǰȱ ȱ Ĵ¢ȱ ȱ ¡-
pectancy in mind.
Ƞȱ ȱ ȱ ȱ optimization is a case study, where 




Characterization of the flexible transmission
The PT of a HEV must be capable of managing energy 
from two power sources and deliver it to the wheels; 
ȱ ȱ ęȱ ¢£ȱ ȱ ȱ ¢ȱ ȱ
 ȱȱȱŗǯ
            Figure 1. Schematic diagram of the Powertrain   
            configuration selected for the HEV studied
Descriptores: 
Ȋ Vehículo Eléctrico Híbrido




Se presenta una solución para incrementar la economía de combustible en Vehículos 
Eléctricos Híbridos derivada de las características físicas del vehículo, el tren de po-
tencia y la estrategia de control. Se crea un mapa de control heurístico para analizar 
ȱęȱ¢ȱȱȱ£ȱȱȱȱȱȱȱ-
tes condiciones de manejo. La estrategia de control utiliza el Mapa de Control aso-
ciado a una lógica que responde al estado de carga de las baterías.  Finalmente, en un 
estudio de caso se demuestra el incremento en la economía de combustible y la sus-
tentabilidad en la carga de las baterías; aquí, las variables estudiadas se someten a un 
algoritmo de optimización multi-objetivo. 
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Operation modes of the flexible transmission  
with the PT
This transmission is composed of a Planetary Gear Set 
ǻ	ǼǰȱȱContinuous Variable Transmission (CVT) and a 
Simple TrainȱǻǼǯȱȱȱȱȱȱȱȱȱȱ
ICE, the sun and the ring spin in the same direction. 
ȱ ȱ ęȱ ȱ ȱ ȱ ȱ  ȱ
ȱ ȱȱȱ ȱ¢ȱȱǯȱ
¢ǰȱȱęȱȱȱȱ-
very of energy from the wheels; therefore this HEV is 
capable of operating in conventional, electric, series hy-
ȱȱȱ¢ȱȱǻǰȱŗşşşǼǯȱ
Ƞ Conventional: In conventional mode the EM is not 
used. The ICE supplies all required power to accom-




ged to the CVT, the energy passes to the ring of the 
	ȱȱȱȱȱȱȱȱȱ	ȱȱ-
ȱȱȱěȱ ȱȱȱ-
gy to the wheels.
Ƞ Electric: In electric mode the power to move the ve-
ȱ ȱȱ¢ȱ ȱĴȱ ȱ ȱǯȱ
ȱȱ ¢ȱ Ě ȱ ȱ ȱ  Ǳȱ ȱ
EM is engaged to the carrier with a mechanical re-
duction, its energy is split to the sun and the ring 
ȱȱȱ	ǯȱȱ¢ȱȱȱȱȱȱȱ
ȱ Ĵȱ ȱ ȱ ȱ ȱ ȱȱ ȱ
ȱǯȱȱ¢ȱĴȱȱȱȱȱȱ
ȱ ȱ ȱȱěǯȱȱ ȱ-
ȱ ȱ ȱ ¢ȱĚ ȱ ȱ ȱ ȱ
ȱ ȱȱȱȱȱȱȱȱ ȱ
ȼȱȱ¢ȱȱȱĴǯ
Ƞ Series hybrid: In series hybrid mode, the vehicle 
 ȱȱȱȱǰȱȱȱȱȱȱ
Ĵ¢ȱ¢ǰȱȱǰȱȱȱǰȱ-
vides electrical energy to the EM and recharges the 
Ĵǯȱ ȱ ȱ  ȱ  ȱ ȱ ȱ
ȱȱȱȱȱ ȱȱȱĜ¢ȱȱ
be connected to the wheels; hence it is used to in-
crease the Ĵ¢ȱȱȱȱǻǼǯ
Ƞ Parallel hybrid: In parallel hybrid mode, the ICE and 
ȱ ȱǯȱȱȱȱȱȱȱȱ
ȱȱȱȱȱęȱȱȱȱȱ
ȱ ȱȱ ȱ ȱȱȱ ȱǯȱȱ ȱ
ȱ ȱ  ȱȱ ȱ ȱ ȱ ȱ 	ǰȱ ȱ
ȱȱȱȱȱȱęǰȱȱ-
re, the angular velocity of the EM and the rotational 
speed of the wheels. In this mode, the EM adds tor-
que to accomplish the drive cycle demands.
Analysis of the PT parameters in energy  
transformations




ȱȱ ȱȱZcarrier and Zsun through 
ȱȱȱȱȱ ȱȱȱȱȱȱȱ




Twheels ǰȱΝwheels Torque and angular velocities of traction wheels
















Angular velocity of ICE
Angular velocity of EM
Table 1. Transmission parameters with 
their definitions
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  ȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱǻŗǼ
                      (2)
ȱȱȱȱȱȱǰ
                                          (3)
ȱȱȱȱȱȱȱȱ ǰ
                             (4)
ȱ ȱ ȱȂȱȱ ȱ ȱ ȱ ȱȱȱ
priority to minimize the strength to which it is submit-
ȱǻ	£ȱet alǯǰȱŘŖŖŚǼǯȱȱŗȱ ȱȱȱ
relationship among Fbelt , n and Ccvt ǯȱȱȱȱȱ
ȱȱȱȱȱΘcvt, causes an increase in 
Fbelt. 
Therefore, to protect the belt it is necessary to se-
lect a CVT with high overdrive and limited underdri-




Equation 2 shows that it is not easy to evaluate the 
Ěȱ ȱ Θ cvt,  RST and n in torque transformation 
from power sources to the wheels. As it has been esta-
blished the n must be increased as much as possible. To 
do this an algorithm in Matlab® that evaluates the tor-
que transformation from the power source to the 
 ȱȱȱȱ ȱȱȱΘcvt and RST 
is used. 
ȱȱ¢ǰȱȱ ȱȱȱȱȱ
ǱȱTEMȱƽȱŗŖŖȱǰȱTICEȱƽȱŗŖŖȱǰȱΘdifȱƽȱřǰȱΘCEMȱƽȱŗǰȱn = 4, 
ŖǯŝȱǀȱΘcvt < 4 and 0.7 < RȱǀȱŗǯřǯȱȱŘȱȱȱȱ
this analysis.
It can be observed that lower values of RST and hig-
ȱ ȱ ȱ Θcvt both increase Twheels and that the in-
Ěȱ ȱ Θcvtȱ ȱ ȱ ȱ ȱ Ěȱ ȱ RST, 
especially when operating in underdrive conditions. 
Therefore it is recommended to set the value of RSTȱǀȱŗȱ




tional or hybrid parallel modes. It shows that the CVT 





RST, nȱȱΘcvtȱȱȱǰȱȱΘCEM  is left to be 
ęǯȱȱΘCEMȱę¡ȱȱȱȱ¢ȱȱ
ȱȱ ȱȱȂȱȱȱ ȱȱȱȱ
ȱ ȱ ǯȱȱ ȱ ȱęȱ ȱ ȱ  ȱ
section.
ȱȱ¢ȱȱȱŘǰȱęȱ
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Figure 2. Analysis results of the influence of the parameters Wcvt 
and RST on energy transformation from the power sources to the 
wheels
Variable Range 
n 4 To lower Fbelt.  Top range value limited by manufacturing
RST ŖǯśȬŗ To increase Twheels
Θcvt 0.5-2.5
To not increase FbeltȱȱȱΝICEȱ ȱΝwheels 
ȱěȱȱ
ΘCEM . . .
ȱ¢ȱȱ
Ȃȱȱȱ ȱȱ
EM can assist with power
Ccvt 0.5-0.6
To lower Fbelt and stay within manufacturing 
and available space
Table 2. Preliminary range values for the transmission 
parameters
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Control strategy based on the PT parameters and 
fuel economy
Construction of the Control Map
             
             Figure 3. Control Map: Schematic representation 
             that shows the influence of the PT parameters in 
             the operating modes of the HEV and the limits of 
             the electric energy flow 
	ȱȱȱȱȱȱȱȱȱȱȱ
generate each curve of the graph Power (WǼȱǯȱȱ
(VǼȱ ȱȱȱřǯ
Ƞȱ ȱmin corresponds to the minimum power to 
start the ICE mechanically connected to the wheels. 
ȱ ȱ ȱ ȱ ȱ ȱ ȱ -
¢ȱ¢ȱĴȱ ȱȱȱȱ ȱ ȱ
demand conditions.
Ƞȱ ȱ max corresponds to the top power the ICE 
can deliver (factory data).
Ƞȱ ȱEM represents the maximum power the EM 
ȱȱȱȱȱȱȱȂȱȱǻV).
Ƞȱ ȱŗ is a function of V that gives the minimum 
 ȱȱȱȱȱȱ ȱȱȱȱ
ȱ ȱ ȱ ǻǼȱ ǻȱ et al., 
2004; Morteza et al., 2006), corresponding to the mi-
ȱΘcvt.
Ƞȱ ȱ2 is a function of V that gives the maximum 
 ȱȱȱȱȱ ȱȱȱǰȱ-
ȱȱȱ¡ȱΘcvt.
Ƞȱ ȱ3 is the sum of curves P2 and the nominal 
power of the EM, resulting in the total available 
power at V. 
Ƞȱ ȱȱmin represents the minimum required 
velocity to connect the ICE to the wheels (Morteza et 
al., 2006).  It passes through the intersection of Pmin 
and P2.
Ƞȱ ȱ E represents the top speed selected for 
which the EM can deliver power.
Curves Pŗ and P2ȱȱ¡ȱ¢ȱȱȱȱȱǰȱ
 ȱȱȱȱȱΝICE there is one optimal , the-
ȱ ȱ ȱ ȱ ȱ  ǯȱ ȱ ǰȱ ΝICE(P) 
gives the angular velocity of the ICE as a function of 
power demanded which multiplied by Equation 3 and 
the wheel radius (rwheel) creates a relationship among 
 ȱǰȱΝICE  and vehicle speed that depends 
ȱȱȱȱȱȱΘcvt value. If we con-
sider that once the HEV is built, the only variable not 
ę¡ȱȱΘcvt and that its value must fall between its two 
limits (overdrive and underdrive) we get to the next 
equations for Pŗ and P2ȱǻǱȱȱȱȱ
ȱ ȱȱȱȱȱȱǼǱ
                                     (5)
                                   (6)
ȱŗ(P) and P2(P) are speed limits (maximum and 
minimum) of the vehicle for each power delivered by 
ȱȱ ȱȱ ȱȱȱǯ
The Control Map and the operation modes
The Control Map curves create areas that are closely re-
lated to the operation modes of the HEV.
Curves PEM, Vmin, VE and Pminȱȱȱ
ǯȱȱ
ȱ
the HEV operates in hybrid series or electric modes. 
ȱȱȱȱȱȱǰȱȱ¢ȱȱ
ȱȱȱęȱ¢ȱȱȱ¢ȱȱminǯȱȱ
Pmin is increased it intersects P2 at a higher V, moving 
curve Vminȱȱȱǰȱȱȱ
ȱȱȱ-
sed as well as the hybridization grade.
Curves Pŗ, P2, Pmin, VE and Pmax create areas Cŗ and 
C2ǯȱȱȱȱȱ
ȱ ȱȱȱȱ
ȱȱȱȱȱȱǯȱŗ and C2 are areas 
 ȱȱȱȱ¢ǯȱȱěȱ ȱ
Cŗ and C2 resides on the capacity of the EM to assist the 
ICE.  In Cŗ the EM is able to provide torque, but in C2 
ȱΝEM is greater than the top angular velocity at which 
the EM can provide torque, therefore, the ICE must ge-
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ȱȱ ȱȱȱ ęȱ ȱȱ¢ȱ-
mand.
Curves Pŗ, Pmin and VEȱęȱȱ3 and curves Pŗ 
and VE delimit area C4. In C3 and C4 the HEV operates in 
ȱǰȱȱ ȱ ȱȱȱ ȱȱ ȱ
ǯȱ ȱ ȱ£ȱ ȱȱȱȱȱȱ





Curves P2 , P3 , Vmin and Pmax are the limits of area HP. 
In HP the HEV operates in hybrid parallel mode. In this 
ǰȱȱȱȱȱȱ ȱȱȱ ȱȱ
the ICE can deliver and the power the EM must genera-
ȱ ȱ ȱ ȱ ȱ ¢ǯȱ ȱ ¡ǰȱ ȱ
ȱȱȱȱřǰȱȱȱȱȱȱŜŖȱȦȱȱ
ȱȱ¢ȱȱŞŖȱȱȱȱ ȱȱȱ
ȱ ȱȱ ŜŖȱȱȱ ȱȱȱȱ ŘŖȱ
ȱȱȱȱŞŖȱȱǯ
Control Map modification
ȱRST is increased Pŗ and P2 slopes decreases in the 
Control Map and the intersection between P2 and Pmin 





                                               (7)
Equation 7 demonstrates that with a larger CVT range, 
ȱěȱ ȱ ȱ ȱȱ ȱŗ and P2 
increases, therefore areas Cŗ and C2 would be larger. 
Under this condition the ICE would be able to operate 
ȱȱȱȱȱ ȱȱȱȱȱ ǯ
Curve VE establishes the limits at which the EM can 
deliver torque. This situation is explained in Equation 4 
¢ȱ¢ȱ ȱ ȱ ȱȱȱ ȱΝEM. 
ȱΘCEM is changed, the curve VE moves horizontally 
ȱ ęȱ EMȱ ȱ ȱ ȱ ȱ Ĝ¢ȱ ȱ ȱ
function of V.
The Control Map and fuel economy
Each operating mode has advantages and disadvanta-
ges. The conventional modes in areas Cŗ and C2 of the 
Control Map are the best, but as seen before, the CVT 
ȼȱȱȱǯȱȱȱȱǰȱȱ
EM allows for a reduction in the size of the ICE which 
ȱȱ ȱȱȬĜȱǯȱ-
¢ǰȱȱȱȱȱȱȱȱȱĜ¢ǰȱȱ
to several energy transformations required to convert 





ter can be used to set the preference to either use the EM 
or the ICE under low speed and low power demand 
situations (Morteza et al., 2006) or when the HEV opera-
tes on C3ȱ£ǯȱȱȱȱmin is a decision varia-
ble of the optimization.
ȱ ȱ ȱȱ ęȱ ȱ ȱ -




to cover those operating points within Cŗ, then C3Ȃȱȱ
ȱȱȱȱȱ ȱ ȱ¢ȱȱ-
ȱ ȱ ȱ ȱ ȱ ȱ ȱ ǯȱ
ȱȱȱȱȱȱęȱȱȱRST va-
ǯȱȱȱȱRST is another decision variable of 
the optimization.
ȱȱȱȱȱȱę-
ned and optimized on the design stage is the VE value. 
If VEȱȱ ȱȱȱ¢ȱȱ ȱȱȱ
the speed required by the ICE to deliver its full power, 
leaving the HEV with less power available on a range of 
V. The inverse situation would happen if the VE value is 
too high. About this, it should be noted that change in 
the value of VEȱęȱȱȱȱȱȱǰȱ
 ȱȱȱĜ¢ȱȱȱǯȱȱ-
ȱȱȱȱȱ¢ǯȱȱȱȱVE is a 
decision variable used for the optimization.
Control Map and electric energy flow
ȱ ǰȱ ȱ ȱ ȱ  ȱ ȱȱřȱ ȱ -
tions where the vehicle can use or store electric energy. 
ȱ ȱ ȱ ȱ ȱ ȱ ȱ ȱ ¢ǯȱ ȱ
Points II and III the ICE can produce additional energy 
ȱȱȱĴȱǻ£ȱet al., 2006). In these si-
tuations the Control Map provides the information re-
quired to calculate how much energy can be used or 
ȱȱȱĴǯ
Point I is in HP, therefore the EM must assist the ICE. 
ȱ ȱȱȱȱȱȱȱȱ¢Ǳ
PEM (t) = P(t) P2 (t)                                          (8)
Point II could be either in Cŗ or C2. In these areas, the 
maximum energy the ICE can provide to charge the ba-
Ĵȱȱȱ¢ȱȱǱ
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P¡ (t) = P2 (t) P(tǼȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱ ǻşǼ
ȱȱǰȱȱ¡ȱ¢ȱȱȱȱȱ-
ȱȱȱ ȱȱȱȱȱȱ¢ȱȱǱ
PChg2BEOL (t) = Pŗ (t) P(tǼȱȱ ȱ ǻŗŖǼ
ȱP(t) is the power required by the cycle at time (t), 
P1(t) and P2(t) are the power values in which curves Pŗ 
and P2 of the Control Map are intersected by a vertical 
ȱȱȱȱȱ¢ȱȱȱ-
hicle V(t). P1(t) and P2(t) represent the minimum and 
maximum power the ICE can deliver at any given speed 
on time (tǼǰȱ ȱ ȱȱȱǯ
It has been proved that the Control Map provides 
ȱȱȱ ȱȱȂȱȱȱȱ
ȱĴǰȱ ȱȱȱȱȱȱȱ-
sidered but that does not provide the optimum values. 
ȱȱȱȱȱ¢ǰȱ ȱȱȱ-
riables to be optimized, is presented in the next section.
Electric system
The HEV must have an electric system that feeds the 
ǯȱ ȱ ȱ ȱ ȱ ȱ ¢ȱ Ǳȱ ȱ ȱ
 ȱȱ ȱȱǰȱȱǰȱȱ ȱ
ȱ ȱ ȱ ǻǼȱ ȱ ȱ Ĵ¢ȱ ǯȱ
ȱĴ¢ȱȱȱȱȬȱȱȱȱ-
cessful use in commercial HEVs (Mihalic et al., 2002). 
ȱĴ¢ȱȱȱȱȱȱȱȱȱȱ
the top EM demand of electricity.
Table 3 shows the charge strategy for each area of 
the Control Map created by the conditions required to 
ȱȱĴǰȱȱȱȱ ȱȱȱȱ
purpose, the constraints that need to be considered and 





ȱ ȱ ¢ȱ ȱ ȱ Ĵǯȱ ȱ ȱ






2Ǳȱ ȱȱ ȱ  ȱśŜƖȱȱŞŖƖȱȱ ǯȱ
This limit is used when operating in Cŗ, C2ȱȱ
ǯ
3Ǳȱȱȱȱ ȱ2ȱȱŞŖƖȱǯȱȱ




the operation is in any Cx area of the Control Map. A 




ge of two commercial HEV charge power related to 
ȱȱĴ¢ȱ ȱ ǻ¢ȱ et al., 2002). A se-
ȱȱ ȱȱ¢ȱȱşǲȱ2ǰȱ3 and 
PAlt are decision variables of the optimization.
Optimization
In this study, the optimization algorithm considered is 
based on genetic algorithms, which are inspired in the 
¢ȱȱ ǰȱȱȱȱęĴǯȱȱȱȱ-
ȱȱȱȬȱǰȱȱȬȱ
ȱ ȱ ǻ	Ǽǰȱ ȱ ȱ ȱ ȱ
ǰȱ ŗşşśǰȱ ȱ ¢ǯȱȱ	ȱ¡ȱ ȱ
ȱ Ȭěȱ  ȱ ȱ ǯȱ ȱ
ȱȱȱȱȬȱ-
ture of the problem, in which no single solution exists. 
ȱȱȱȱȱȱ¢ȱȱǰȱ ȱ
as Pareto front solutions or non-dominated solutions. 
	ȱȱ ȱȱ ȱȱ ǻ-
lection, crossover and mutation) and other operators to 
manage the Pareto front, the ones incorporated in this 
ȱǱȱȱǰȱęȱȱȱ-
ȱǯȱȱȱ¢ȱȱ	ȱȱȱ
develop a population (potential solutions) of Pareto 
front or near Pareto-optimal solutions whilst maintai-
ȱȱȱȱȱȱȱȱ
optimization process. It is free-derivative and the mo-
Charge strategy Charge while… Charge power Charge limit Device
ǯȱ ǻǼȱǀȱŖȱȱȱǀȱ3 P(t) 4C EM

 ȱǀȱ2 4C-P(t) 4C Alternator
Cŗ ȱǀȱ2 PAlt ǯȱşȱȱŚ EM
C2 ȱǀȱ2 PAlt ǯȱşȱȱŚ Alternator
C3 ȱǀȱ3 PAlt 4C EM
C4 ȱǀȱ3 PAlt 4C Alternator
Table 3. Battery charge strategy
Optimization of Power Train and Control Strategy of a Hybrid Electric Vehicle for Maximum Energy Economy










are not considered. The driving cycle is constructed 
ȱśȱȱȱ¢ȱ ȱřȱȱ

ȱ¢ȱǻȱet al., 2006), see Appendix 2. All 
Ĝ¢ȱȱȱȱ¢ȱ ȱȱ ȱ
the Advisor® database. The vehicle chosen was a Dod-
ȱȱȬȱȱ ȱŘŞŖŖȱȱȱȱȱȱȱ
Ĵ¢ȱȱȱ řȱ Ȭȱ ȱ ȱ ¢ǯȱ ȱ ȱ
ȱȱȱȱŗǯŝȱȱȱȱȱȱȱ-
ȱ ¢ȱ řŘȬȱ ǰȱ śřȬȱ Ĵȱ
permanent magnet motor. The sizes of the EM and ICE 
are close to the best selection for the type of vehicle cho-
ȱ ǻȱ et al., 2007). All simulations are done with 
Matlab® based software developed by the authors. The 
£ȱȱ ȱ  ȱȱ ȱ ȱ ȱ





£ȱȱŗǱȱȱǽǾȱƽȱȱǽE, R, PŗǰPmin2, 
2ǻǼ,3ǻǼǰȱAltǾȱ




the end of the drive cycle. 
The decision variables of the optimization with their 
ȱȱ ȱȱȱŚǯȱȱȱȱŗŖŖȱ-
ǰȱ ȱ ȱȱȱ ŗŖŖȱ ȱ ǰȱ ȱ
carried out as outlined. The number of generation was 
decided based on observation that no improvement 
 ȱ ȱ ȱ ŗŖŖȱ ȱ ǯȱ ȱ ȱ ȱ
ȱȱȱȱĴȱȱȱŚǯȱȱǰȱȱ-
ȱ ȱęȱȱ ȱȱȱȱǻŗŜŖŖȱȬǼȱ






VE (top speed selected for which the EM can deliver power) 26 45 m/s
RST ǻ¢ȱȱ ȱȱ	ȱȱȱȱȱǼ 0.5 ŗǯŖ
Pŗȱǻȱ ȱȱȱȱȱȱŖȱȱřŜȱȦǼ 8200 20000 
Pmin2 ǻȱ ȱȱȱȱȱȱřŜȱȦǼ 0 25000 
PAlt ǻ ȱȱȱȱȱȱȱĴǼ 0 ŗřŖŖŖ 
2 ǻȱȱȱ ȱśŜƖȱȱŞŖƖǼ 56 80 Ɩ
3 ǻȱȱȱ ȱ2ȱŞŖƖǼ 2 80 Ɩ
Table 4. Decision variables of the 
optimization and their boundaries
Figure 4.  From the optimization, the Pareto front set individuals 
are shown with points, those individuals joined with lines form 
a curve linearly extrapolated that is above all other individuals 
(Individuals on Table 5). With Xs being the non-dominated 
solutions of a subset of individuals with RST = 0.64 ± 0.01 and 
VE = 38.5 ± 1.0 m/s. From them, those joined with dash line 
are individuals shown on Table 7
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ȱ ȱ ȱ ¢£ȱ ȱ ȱ ȱ
from the non-dominated solutions is to evaluate the ca-
pacity of the control strategy to change the operation of 





ǰȱ ȱ ȱ Ěȱ ȱ ȱ ȱ ȱ
that cannot be changed once the transmission is build, 
ȱ¢ǰȱȱĚȱȱȱȱȱȱȱ
system is able to change (Xiaoling et al., 2004).
Values for some individuals of the Pareto front set
ȱśȱ ȱȱȱȱȱȱ-
riable values for individuals of the Pareto front set mar-
ȱ ȱȱȱȱŚǯȱȱmin of the Control 
ȱȱȱ¢ȱ ȱȱȱȱěȱ





the same for each simulation and each individual in Ta-
ȱ śȱ ȱ ęȱ ȱ ȱ ȱ ȱ ȱ ęȱ
ǰȱ ȱ ȱ ȱ ȱ ȱ ȱ Ŝǯȱ ȱ ȱ ȱ
ȱ ȱ ȱ ȱ Ŝȱ  ȱ ȱ ěȱ ȱ ȱ
ȱȱȱĴ¢ȱȱ ȱ-
ve individuals in Table 5. The fourth column is the ratio 
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the transformation of that mechanical energy to energy 
ȱȱȱĴ¢ȱȱȱȱȱȱȱȱ




ȱ  ȱ ȱ ȱ ȱ ȱ ǯȱ
Another aspect to consider is that a charge decreasing 
¢ȱ ȱȱ ȱ Ĝǰȱȱ ȱȱ
hardware to convert the HEVs into a Plug-in HEV 
ǻȱet alǯǰȱŘŖŗŖǼǯ
Analysis of physically constrained variables
Even though the Pareto front set shows optimal solu-
tions for the vehicle operation (ranging from charge de-
pleting to charge increasing), in reality it is not possible 
for the PT to operate along it. The reason is that RST and 
VEȱ ȱȱę¡ȱȱȱȱȱȱȱȱ
seen in Table 5 these variables values change. It is pos-
sible to modify the PT design to let these parameters 
change with 2 more CVTs. Unfortunately this would 
increase the complexity of the control system, manufac-
turing cost and maintenance, therefore this option is 
discarded in this paper. Instead of trying to develop a 
more complex PT, an intensive search among all indivi-
ȱ ȱ ȱ ȱ £ȱ ȱ ȱ ȱ ęȱ ȱ
pair of values for RST and VE that produce a curve close 



















ŗ ŚŜŜŗǯŜ ŗŝŖŘǯş 26.0 0.738 8247 6574 ŝřş 77.6 ŝşǯŝ
2 4703.6 ŗŞŞŞǯŘ řşǯŗ 0.706 Şřśş 6320 738 62.4 67.6
3 4723.3 ŗşŜŖǯŚ 37.5 ŖǯŝŖş 8267 Ŝŗŗş 758 65.4 78.2
4 ŚŝŘşǯŘ ŗşŞŘǯŗ 37.5 ŖǯŝŖş 8267 ŜŗŖř 758 65.4 77.5
5 4838.5 ŘřŘşǯŚ 26.0 ŖǯŜşŞ ŞŘşŗ ŜŖŗŗ ŗŗśś ŝşǯşŝ ŝşǯşş
6 4873.7 2405.3 řşǯŖ ŖǯŜŚş 8227 6272 ŗŗśś ŝşǯşŝ ŝşǯşŝ
7 ŚŞşŗǯŚ 2437.3 30.6 0.634 ŞŘśŗ Ŝřśş ŗŗśś ŝşǯşŝ ŝşǯşŞ
Table 5. Objective functions and decision 
variables values for some individuals of 










ŗ -- -- -- --
2 Śŗǯş ŖǯŗŞśŘ 226.4 şŝǯŗŗ
3 ŗşǯŜ 0.0722 272.4 80.74
4 śǯşŝ ŖǯŖŘŗś 276.2 ŝşǯśś
5 ŗŖşǯŘ 0.3473 řŗŚǯŚ ŜşǯşŜ
6 35.2 0.0758 ŚŜřǯş 47.42
7 ŗŝǯŝ ŖǯŖřŗş 555.4 řşǯŜŗ
Table 6. Relative change of efficiency in the accumulation of 
energy in the battery pack at the end of the simulation
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ȱƹŖǯŖŗȱ ȱRSTȱȱȱƹŗȱȦȱ ȱE. The best pair of 
ȱȱ ǱȱRSTȱƽȱŖǯŜŚȱƹȱŖǯŖŗȱȱEȱƽřŞǯśȱƹȱŗȦǯȱ
A comparison between the Pareto front set and the best 
sub-set with RST and VEȱę¡ȱȱ ȱȱȱŚǯ
Analysis of physically unconstrained variables






bles which modify the areas of the Control Map do not 
ȱę¢ȱǻE, RST, Pŗ); instead, the condi-
ȱȱȱȱĴ¢ȱȱǻAltǰȱ2ȱȱ3) 
and Pmin2ȱȱęǯȱȱśȱ ȱȱ£ȱ
behavior of the variables of those individuals in Table 7 
that changes more than 5 percent.  
ȱśȱ  ȱ ȱ ȱ ȱȱ ǻ-
ȱŗǼǰȱȱȱȱAltǰȱ2ȱȱ3 are the lowest 
and Pmin2 is the highest.  
As the operation of the vehicle moves from charge 
decreasing to charge increasing, the parameter PAlt in-
creases gradually and the conditions for charging the 
Ĵ¢ȱȱȱȱǯȱȱȱǰȱȱ-
ȱȱ3 increases which means that more charge can 
be accepted on C3 and C4ǰȱȱȱȱȱ ȱǯȱǰȱ
2 increases resulting in more energy accepted in Cŗ 
and C2ȱ¢ȱȱĴ¢ǯ
ȱȱȱȱȱȱȱȱȱȱ
ȱȱȱęȱȱǻŗ and Pmin2). This 
ȱ ȱ ȱ ȱ¢ȱ ȱ ȱĴ¢ȱȱ ȱ
right strategy is to increase the electric energy genera-
ted by the ICE (PAlt), instead of restricting the use of the 
ǯȱȱȱȱǰȱȱȱȃȄȱȱ¢ȱ
is available (down hills, charge decreasing strategy as 
 ȱȱȬȱ
Ǽȱȱęȱ¢ȱ ȱȱȱ-
ce the generation of electrical energy with the ICE to 
ȱ ȱ Ĵȱ ǻȱ et alǯǰȱ ŘŖŗŖǼǯȱ ǰȱ ȱ ȱ
ȱȱȱȱ 3,  then the EM needs to be used 
more frequently under conditions of increase the Pmin 
ȱǻ
ȱȱǼǯȱ
It is clear that PAlt has a strong impact in moving 
from charge depleting to charge sustainable and that 
ȱ ȱ ȱ ȱ ¢ȱ ȱ ȱ Ĵ¢ȱ ȱ
gradually less restrictive to move from charge deple-
ting to charge increasing. 
ȱ Decision variables
Individual Petrol [g] Bat [W-hr] VE [m/s] RST Pmin1 [W-hr] Pmin2 [W-hr] PAlt [W-hr] LIB2[%] LIB3[%]
A 4687.3 ŗŝŚŗǯŜ řşǯŗ 0.634 8402 6843 434 67.2 Ŝşǯŗ
B ŚŝŗŚǯś ŗŞŜŗǯŚ řşǯŗ 0.634 8403 6636 480 67.2 Ŝşǯŗ
C ŚŝřŗǯŞ ŗşřŚǯŖ řşǯŗ 0.646 8355 6858 ŝřş 67.6 ŝŞǯş
D 4762.7 2046.3 řşǯř 0.647 Şřŗş 6307 683 67.6 77.8
E ŚŝŞŜǯş ŘŗřřǯŜ řşǯŗ ŖǯŜŚş 8342 6307 ŝşŝ ŝşǯŚ ŝşǯŜ
 4873.7 2405.3 řşǯŖ ŖǯŜŚş 8227 6272 ŗŗśś ŝşǯş ŝşǯş
	 ŚŞşśǯŘ 2444.0 38.8 0.640 Şřŗş 6264 ŗŗşś ŝşǯş ŝşǯş
Table 7.Values of decision variables that belong to the closest sub-set found to the Pareto front set
Figure 5. Normalized behavior of decision variables with more 
than 5 percent of change of individuals in Table 7
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Simulation results
In this section the results of one simulation done with 
ȱȱȱ ȱȃȄȱȱȱŝȱȱǯȱ
This individual was selected because the values for RST 
and VEȱ ȱ ȱ ȱȱ ȱȱ ȱęȱ ȱ ȱ
ȱȱȱǯȱȱȱŜȱȱȱȱȱ
Map used and populated by the individual simulated, 
each point represent one state of the simulation. 
ȱ ęȱ ȱ £ȱ ǻǰȱ ŘŖŖŝǼǰȱ
ȱ¢ȱȱȱȱȱȱǰȱȱ3 
area is more populated than the HP area. The slope of 
P2 increased enough to let Cŗcover almost all points of 
high power demand at low speeds. This information 
ȱȱȱȱĴȱȱȱȱȱȱȱȱȱ
ȱȱȱȱȱ¢ȱȱȱĴ¢ȱȱ
at low speeds with high power demand. The optimiza-
ȱȱȱȱȱȱĜȱȱȱȱmin 
curve of the control map to have a slight negative slope. 
This might be explained by the fact that we are optimi-
zing distance/fuel consumption and, despite that in C3 
ȱȱȱȱ ȱȱȱǰȱȱȱȱȱ
Ĝ¢ȱȱȱȱȱȱȱ¢ȱȱ
increase of speed. This means the faster the vehicle 








ȱ Ĝ¢ȱ ȱ ȱ ǰȱ ȱ ȱ ȱ ȱ
 ȱȱ¢ȱȱȱĴȱȱ ȱŚǯ
Conclusions
The implementation of the genetic algorithm is descri-
bed for the optimization of the control strategy and the 
transmission in HEV. The optimization problem was 
ȱȱȱȬȱȱȱȱ
ȱ£ȱȱǰȱ¡£ȱĴȱȱ
of charge and maintain the vehicle performance in the 
drive cycle used.
In this paper a transmission is proposed that allows 
ěȱ ȱȱ ȱ ȱ ǯȱ ȱ -
ȱȱ¢ȱĚ ȱȱ ȱȱȱ¢Ǳȱȱ
Control Map. This is a novel heuristic tool that organi-
zes information about prime movers and the transmis-
sion. It is a powerful aid to understand the capacity and 
ȱȱȱȱȱȱ¢ȱĚ ȱ
ȱ 
ǰȱ ȱ ȱ ȱ Ȃȱ ȱ ȱ ȱ
 ȱęǯȱȱ¢ȱǰȱȱȱ
be used as a database by the control system of HEVs. 
¢ǰȱȱ£ȱȱȱȱȱȱ
¢Ȭ ¢ȱȱ¢ȱȱȱěȱȱȱȱ









ȱ ǰȱ ȱ Ȃȱ ¢ȱ ȱ ȱ
 ȱȱȱȱĴȱ¢ȱȱ-
¢ȱȱȱȱȱȱȱȱȱȱȱ
charge depleting to charge increasing. It was proved 
ȱȱȱȱȱȱ¢ȱȱȱȱĴȱȱ
the end of the cycle increases as more energy is stored. 
ȱȱȱȱ ȱȱȱ-
ȱȱȱ	ȱ£ȱǻȱŜǼȱȱȱ-
cluded that the gear ratios of the transmission should 
ęȱ ȱ ȱ ȱ ȱ ȱ ȱ ȱ ȱ ȱ ȱ
speeds and low power demand, because it is more fuel 
Ĝȱ ȱȱ ȱǯȱȱ ȱȱ ȱȱ
low speeds with high power demand the gear ratios 
should let the ICE provide all the power required to 
propel the vehicle, reducing as much as possible the use 
of the EM once the ICE is started (C3 and C4 should 
overcome HP). It was found that as faster the vehicle 
moves, the minimum power to start the ICE decreases 
Figure 6. Control Map populated with state points from 
simulation of individual “A” of Table 7
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and the use of the EM should be restricted to propel the 
vehicle.
ȱ ȱ ȱȱȱȱȱȱȱ-
totype to test the validity of the conclusions presented. 
It will also focus on the reduction of C3, C4 and HP 
areas of the Control Map, improve the computational 
model from quasistatic to a dynamic approach and to 
create a dynamic control strategy with the heuristic ba-
sed on the Control Map. 
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Figure 7. Drive cycle and SOC
Appendix 2
Figure 8. Efficiency and fuel consumption maps
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Figure 9. Free body diagram of PT
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ȱȱȱ¢ȱȱǻȱşǼȱȱȱ-
librium conditions for the CVT input wheel, where Tx 
represents the torque in element x,
(a)
where,









r2 = rŗ · Wcvt    (g)
Ccvt = rŗ + r2     (h)
ȱȱŗ from Equation g and Equation h,  
     (i)
ȱŗȱȱȱȱȱȦŗ from equations 
ǰȱǰȱǰȱǰȱǰȱȱȱǱ
    ȱ ȱ ǻǼ
ȱŘǰȱřȱȱŚȱȱȱ¢ȱȱȱ-
llis equation for a planetary gear set and the dynamic 
relationships among the sun and the ring by the CVT 




ȱ ǻȱ ȱ Ǽǯȱ ǰȱ ȱ ȱ
¢Ȃȱ ȱ  ȱ ¢ȱ ¢Ȃȱ ǻǼǰȱ
ȱȱȱȱȱ¢ǰȱȱ
2002.
Anderson J.A. Designing and Modeling a Torque and Speed Control 
Transmissionǰȱǻȱȱȱȱȱȱȱȱ-







Ȭȱ ȱ ȱ ȱ 
¢ȱ ȱ Ǳȱ
ȱȱȱȱ¢ǰȱǱȱȱȱȱŚȱ
International Conference on Evolutionary Multi-Criterion 
£ǰȱ ǰȱ ǰȱ Ǳȱǰȱ
pp.  330-345, 2007. 
ȱǯǯǰȱȱ	ǯǰȱȱǯǯǰȱȱǯǯȱȱȱ£ȱȱ







ȱ ¢Ǳȱ ȱ ȱȱ ǻŗǰȱ ŗşşśǰȱ -

















Toyota Prius and Honda Insight for Various Chassis Dynamo-
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